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ABSTRACT An equation describing the species distribution during the copolymerization of f-functional 
monomers with difunctional monomers has been derived based on known relationships. The formation of 
network polymerization sols isolated over the entire region beyond the gel point was followed, and their 
distributions were characterized by quantitative gel permeation chromatography coupled with low-angle laser 
light scattering. The critical point is represented as a turning point for the overall species distribution. Beyond 
the gel point the development of molecular weight distribution of the isolated sols is shown to follow a reverse 
path to  that of gelation up to  the gel point. Accordingly, the first and second solutions of the distribution 
equation derived gave a fair fit with the experimental results. Beyond the gel point, however, the physical 
state of the system does not allow the system to be amenable to a fully stochastic reaction pathway as in the 
region before the critical point. As a result the solution of the equations for pentadecamers showed serious 
discrepancies with the experiments. The magnitude of the discrepancies was found to  progressively increase 
with increasing conversion beyond the gel point. 

Introduction 
As polymerization advances during gelation, larger 

polymers are produced by the gradual consumption of 
smaller species. At  the same time, the overall species 
distribution becomes increasingly broader, with maximum 
heterogeneity a t  the critical point, where an infinite net- 
work abruptly appears. Beyond the gel point the soluble 
fraction and the molecular weight averages that charac- 
terize it gradually decrease. This effect is thought to occur 
by species of higher complexity becoming preferentially 
attached to the gel. The network thus grows at the expense 
of the larger species. Flory’ has pointed out that beyond 
the gel point the molecular species distribution of the sol 
fraction will “Undergo retroversion over the course followed 
up to the gel point“. Such a qualitative description of the 
process forms the theoretical foundations of all gelation 
theories. Gordon and his team2-4 have confirmed the va- 
lidity of this description up to the gel point and just be- 
yond it. The expected retroversion of the sol’s molecular 
properties is too important a phenomenon to ignore. This 
paper therefore attempts to answer each of the following 
questions: 

1. Does retroversion of species distribution take place 
as polymerization proceeds further beyond the gel point? 

2. Do the various solutions of a weight fraction distri- 
bution equation (monomers, dimers, etc.) quantitatively 
fit the experimental results beyond the gel point? 

3. Are the soluble species of higher functionality pref- 
erentially included in the gel phase as polymerization ad- 
vances toward completion? 

4. How does diffusion affect the overall species distri- 
bution and the network-building process? 

These questions were addressed by conducting the 
stoichiometric polycondensation of 1,3,5-benzenetriacetic 
acid with 1,lO-decamethylene glycol (BTA/DMG), iso- 
lating the soluble fractions a t  various stages beyond the 
gel point, and characterizing them by quantitative gel 
permeation chromatography and low-angle laser light 
scattering photometry (GPC/LALLS). 

Results and  Discussion 
Species Dis t r ibu t ion  d u r i n g  Polymerization. 

Clarke, Devoy, and Gordon4 have reported on the quan- 
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titative GPC of samples taken from the BTA/DMG po- 
lymerization up to about 65% conversion (gel point 
70.7%). The resolution of their chromatograms revealed 
that the weight fraction of both monomers and dimers was 
in accord with the random polymerization scheme. With 
a similar GPC instrument and a set of high-performance 
columns (pStyrage1) having an exclusion limit greater than 
10 X lo6 molecular weight, sol samples isolated from the 
BTA/DMG gelation gave the chromatograms of Figure 1. 
Here, however, the chromatograms represented the species 
distribution over the entire region beyond the gel point. 
The similarity of their shapes to the shapes of those re- 
ported by Clarke et al. is striking, although the latter had 
a somewhat better peak resolution. (Unfortunately, no 
details of their chromatographic setup were reported.) 

These distributions exhibit three primary features: (i) 
Each sol fraction shows a broad distribution with reason- 
able resolution of the low molecular weight species. (ii) 
The breadth of the distributions increases nearer the gel 
point. As the polymerization proceeds, the high molecular 
weight tail vanishes, qualitatively indicating that the 
network grows a t  the expense of high molecular weight 
species. (iii) The DMG peak, which represents the di- 
functional monomer, appears to grow as the polymerization 
proceeds toward completion. This last feature is in com- 
plete agreement with Berry’s5 prediction that DMG is the 
surviving species a t  the limiting value of p ,  i.e., p - 1.0 
(where p is the extent of reaction, or conversion). 

These observations are most telling arguments for the 
essentially identical form of distribution in pregel and 
postgel samples. 

From Falk and Thomas’6 conclusions regarding the ap- 
plicability of Stockmayer’s7r8 distribution expression ( l ) ,  
one could proceed to correlate theoretical weight fraction 
predictions with the results obtained from the chromato- 
grams of Figure 1 in order to determine whether the 
retroversion affect is quantitative. 

(1) a x - l ( l  - 4 f x - 2 x + 2  1 wx = (“ - l)!(fx -2x + 2)! 
( f x  - x)!f 

where a is the branching coefficient, f is the average mo- 
nomer functionality, x is the number of units in an r-mer, 
and W, is the weight fraction of any x-mer. 

A point, however, of major criticism in such an operation 
could be the fact that eq 1 was originally derived by 
Stockmayer so as to describe the f-functional random 
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Figure 1. GPC/LALLS combined outputs for BTA/DMG po- 
lymerization sols beyond the gel point: (-) response of differential 
refractometer; (---) response of the LALLS photometer. Peak 
assignment according to Clarke et al.4 p is the extent of reaction. 

polymerization and not the copolymerization of multi- 
functional monomers, which is the case in question. 

The various relationships necessary for deriving a dis- 
tribution equation for such a case were worked out by 
Stockmayer in 1943.' It thus became possible to derive 
an equation specific for our experiments. 

2"(fn - n)!s! pr(1  - p)f-l  
[ ( fn  - n - s + l ) ] ! ( s  - n + 

where W, = W,, is the weight fraction of n,s-mer, a is the 
branching probability (a = p 2  for the BTA/DMG case), 
p is the extent of reaction, n is the number of trifunctional 
molecules per x-mer, s is the number of difunctional 
molecules per x-mer, r is the stoichiometric ratio of mo- 
nomers, and f is the functionality of the polyfunctional 
monomer. The algebra and substitutions required so as 
to arrive at expression 2 are shown in the Appendix. 

Figure 2 shows the evaluation of eq 2 for the two mo- 
nomers and dimers over the entire course of the polym- 
erization. For r = 1 and at  the limiting value of p = 0 the 
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Figure 2. Theoretical plots describing the consumption of two 
monomers during their stoichiometric copolymerization, i.e., a 
trifunctional with a difunctional. The plots are derived from eq 
2 by setting f = 3, r = 1, a = p2 ,  n = 0, and s = 1 for difunctional 
and f = 3, r = 1, (Y = p 2 ,  n = 1, and s = 0 for trifunctional 
monomers. The total monomer curve is the result of adding the 
monomer compositions at each conversion value. 

equation correctly predicts the weight fractions of di- 
functional and trifunctional monomers to be 0.6 and 0.4, 
respectively. 

Thus, it became possible to compare the results of eq 
2 with those of the Stockmayer expression ( 1 )  when the 
latter was approximated to describe the BTA/DMG sys- 
tem by setting f = 2.5 and a = p .  The results of this 
comparison showed that virtually identical figures are 
obtained for monomers and dimers over the entire course 
of the polymerization. For higher members of the series, 
however, the approximation introduces significant errors. 

Beyond the gel point a calculated value of W, receives 
physical significance when divided by the theoretical 
weight of sol fraction ( W,) present a t  a particular degree 
of reaction. The relationship that quantifies W, for such 
a copolymerization is as follows: 

w, = MA~P(FA"~)~ + MB,(3/2)P(FB0ut))2 - 
Mc(3p)P(FAoUt)2P(FBoUt) / [MA/ + M~,(3/2)  - Mc(3p)l 

(3) 

where P(FAout) = ( 1  - p 2 ) / p 2  and P(FB""~) = [P(FA""~) - 1 
+ p ] / p .  Mc is the molecular weight of the condensation 
product, and MB and MN are the molecular weights of the 
difunctional and polyfunctional monomers, respectively. 

This has been specifically derived5 for the f-function- 
al/difunctional copolymerization based on the recursive 
approach of Macosko and Millereg It has also been tested 
experimentally in the region beyond the gel point for a 
variety of copolymerization systems with adequate suc- 
cess.l0 

Thus by calculating the theoretical weight fractions for 
W,=, and W,=, at various stages beyond the gel point from 
eq 2 and then dividing with their theoretical W, coun- 
terparts derived from eq 3, we derived the theoretical plots 
of Figure 3 beyond the gel point. 

The chromatograms of Figure 1 showed sufficient res- 
olution of the lowest members of the series that their 
weight fractions could quantitatively be determined. 
Similar chromatographic information in two 
together with test runs in this laboratory on pure com- 
pounds, permitted peak assignments to be made with 
confidence. The weight fractions of the two monomers and 
the dimer, as determined by repeated cut and weigh 
measurements, are also shown in Figure 3, where the 
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Figure 3. Theoretical plots of eq 2 for total monomers and 
dimers. Beyond the gel point the plots are reversed as calculated 
according to the procedure discussed in the text. For comparison, 
the experimental values of W,/ W, for x = 1 and x = 2 are also 
shown. 

combined weight fractions of the two monomers and that 
of the dimer are plotted. The experimentally determined 
monomer weight fractions a t  various stages of the poly- 
condensation beyond the gel point qualitatively follow the 
path defined by the theoretical curve. A quantitative 
agreement was obtained for the W,=, (dimers) weight 
fractions. Even the shape of the experimental curve is very 
similar to the theoretical curve, a t  least up to p = 0.877. 
These results support the theory, a t  least qualitatively. 

The computer-interfaced GPC/LALLS photometer, 
marketed by Chromatix Inc. (Sunnyvale, CA), provides an 
interesting option for data display:12 a plot of species 
weight fraction vs. its molecular weight. This plot effec- 
tively represents valuable polymer fractionation data. The 
accuracy of such a fractionation technique was examined 
with a series of low molecular weight monodisperse poly- 
styrenes with adequate success and reproducibility. The 
sol fractions of BTA/DMG isolated a t  0.726, 0.767, and 
0.877 conversion values were injected into the photometer, 
with the results shown in Figure 4. Quantitatively, how- 
ever, these results represented only the weight fractions 
of the species that possess molecular weights above (3-5) 
X lo3, totally excluding all other oligomers. Such an ar- 
bitrary exclusion of the low molecular weight species could 
introduce serious errors in any subsequent calculations and 
in turn might lead to doubtful conclusions. The results 
of Figure 4 seem to be representative of only the light- 
scattering active species. 

Table I 
Approximate Weight Fractions of Pentadecamer in Sol 

Samples Obtained from the Polymerization of BTA/DMG, 
Theoretical Values, and the Ratio of Experiment to Theory 

Showing the Trend of the Discrepancy 
expt/ 
theory 

theory expt GW 
conversion W: W.&J w,,,,/ W, wX=15/ W,C (col4j 

0.726 0.733 0.0115 0.0157 0.021 1.3 
0.767 0.357 0.0066 0.0185 0.159 8.6 
0.877 0.037 a 0.00025 0.0068 0.070 10.3 

"Calculated from eq 3 by setting Mw = 252 and MB2 = 174. 
Calculated from eq 2 for its four nonisomeric forms (see Appen- 

This deficiency may be overcome, however, if the data 
in Figure 4 are coupled with those in Figure 1. Figure 1 
gives the molecular weight cutoff information, because it 
simultaneously displays the light-scattering response for 
each increment of the GPC curve (RI response). Since the 
RI detector responds linearly to refractive index differ- 
ences, its response is a function of concentration. The 
LALLS detector responds linearly to the scattering in- 
tensity, which is a function of concentration and molecular 
weight. Thus, the sol sample at p = 0.726 contained only 
39% of light-scattering active species (as derived by cutting 
and weighing the chromatogram). By multiplying the W, 
data of Figure 4 for p = 0.726 by this factor, one can 
approximately determine the real weight fraction of some 
species in this sol sample. This is not possible, however, 
for the sols a t  p = 0.767 and p = 0.877, because the 
light-scattering information of Figure 1 for these samples 
was not as resolvable as for the sample a t  p = 0.726. In- 
stead, one can assume that the monomers and dimers were 
light-scattering inactive, because they possess the lowest 
molecular weights. Their combined weight fractions, 
however, are given in Figure 3. Their contributions could 
thus be calculated so as to provide the approximate weight 
fraction of each resolved species in Figure 4. 

Such calculations were possible for the sol samples of 
Figure 4. The pentadecamer peak (15-mer, x = 15) was 
adequately resolved in all three chromatograms. Accord- 
ingly, the fractionation data for this particular species were 
used to examine the validity of eq 2 for its 15th solution 
beyond the gel point (Table I). A point of criticism that 
can be made in relation to the accuracy of the W,=,, values 
thus determined is that one does not know if within the 
peaks taken to represent the pentadecamer all its isomeric 
and nonisomeric forms are included. It is, however, rea- 
sonable to assume that due to their highly branched nature 
the various forms of this species will not possess entirely 
different hydrodynamic volumes, causing them to elute at 

dix). "Determined from the chromatograms of Figure 1. 
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Figure 4. Fractionation c w e a  obtained by the GPC/LALLS of sols isolated beyond the gel point during the polymerization of BTA/DMG. 
The numbers on the peaks indicate the degree of polymerization of the resolved species (molecular weight per repeating unit = 459). 
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different stages during the size exclusion process. Due to 
all the above errors and limitations the values of W,=,, thus 
determined are characterized as "approximate". They are, 
however, of sufficient accuracy to, a t  least qualitatively, 
test the theory. 

According to Table I, the pentadecamer content in the 
sol fraction isolated just after the gel point (p = 0.726) was 
approximately 2.1 % (w/w), while the theoretically esti- 
mated value is 1.57% (w/w). Although the experimental 
value was about 1.3 times higher than the theoretical value, 
the agreement can be taken as reasonable if one considers 
the errors and limitations of the technique used to de- 
termine such an ordinarily inaccessible quantity. A better 
agreement between theory and experiment is probably 
unrealistic to expect considering the various deviations 
from ideality in the region beyond the gel point. 

The common assumptions among theories of gelation 
are the absence of intramolecular cyclization and that 
molecular reactivities and mobilities are not affected by 
the previous history of the reacting system. For the 
BTA/DMG polycondensates, the cyclization effect is small, 
though definitely measurable.13J4 Previous experimental 
data from our l ab~ra to ry '~  suggest that  the ratio of in- 
tramolecular to intermolecular reaction actually increases 
as the reaction proceeds beyond the gel point. This will 
cause the measured values of p to be increasingly higher 
than what they should have been if cyclization did not 
operate. Furthermore, the two sets of values could hardly 
be expected to be closer if diffusion, which was found to 
operate beyond the gel point,16 is also taken into consid- 
eration. The pentadecamer contents of the sols at  p = 
0.767 and p = 0.877 were approximately 8 and 10 times 
higher, respectively, than their theoretical estimates. The 
higher the conversion beyond the gel point, the greater the 
discrepancy. It has been found15 that much beyond the 
gel point the molecular weights of the sol fractions were 
somewhat higher than those predicted by the theory. 
Polymer entrapment within the rigid framework of the gel 
was suggested as accounting for these discrepancies. The 
increased differences in pentadecamer contents provide 
additional evidence of polymer entrapment. Since the 
diffusion effect together with polymer entrapment seri- 
ously violates the theoretical assumption of random bond 
formation within the growing network, the mathematical 
theory seems to break down much beyond the gel point. 
The effects of these factors are further demonstrated in 
this attempt to  apply the distribution expression to the 
pentadecamer. 

Diffusion does not operate before the gel point,17 nor is 
polymer entrapment possible there. It is therefore rea- 
sonable to expect that the distribution equation will apply 
before, at, and very close beyond the critical point. The 
trend of Table I confirms this expectation. The nearer to 
the gel point, the closer the agreement between experiment 
and theory should be, and indeed is. In addition, the 
greater the size of the x-mer, the more pronounced the 
effects of entrapment and diffusion should be on a weight 
fraction basis (the effect becoming increasingly important 
a t  higher conversions). A monomeric or dimeric molecule 
is much more mobile than a pentadecameric molecule. In 
a rigid polymer network, the monomers and dimers should 
suffer least the consequences of diffusion and entrapment 
on their reaction fates and mobilities. A pentadecamer, 
however, would likely be seriously affected by such con- 
ditions. Thus, while the first and second solutions of the 
distribution expression give a fair fit t o  the experimental 
results, the fifteenth solution shows serious discrepancies. 
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In addition to the quantitative discussion related to the 
information in Figure 1, certain qualitative observations 
can be made, giving a clear demonstration of how the 
higher molecular weight species are preferentially attached 
to the gel phase. The long high molecular weight tail 
present in the sol fraction of p = 0.726 apparently confers 
a highly skewed shape on the chromatogram. The de- 
tection of material of molecular weight as high as 5 X lo6 
(Figure 4 for p = 0.726) also confirms that the continuous 
light-scattering response of Figure 1 (for the same sample) 
is real and not an instrumental artifact. It is the material 
under this high molecular weight tail that is first consumed 
in building the network. An increase of about 4% in the 
conversion parameter (from p = 0.726 to p = 0.767) results 
primarily in the consumption of this high molecular weight 
tail. It is predictable, therefore, that the weight fractions 
of the monomeric species within the sol monotonically 
increase beyond the gel point. 

Figure 4 also shows that as the polymerization proceeds 
beyond the gel point, the number of species in the sol 
becomes progressively smaller. At p = 0.877, there are only 
a few species present with molecular weight greater than 
103, a considerably simplified distribution compared to that 
of the sol at p = 0.726 (i.e., near the gel point). It is 
therefore reasonable to expect that at the limiting value 
of p - 1.0, the number of species present in the sol will 
be only the starting monomers as depicted in the theo- 
retical plot of Figure 2. 

Experimental Section 
Polymerization beyond the Gel Point. Predried 1,3,5- 

benzenetriacetic acid and decamethylene glycol were accurately 
weighed in exact stoichiometry &e., 2/3) in a polymerization tube. 
A small magnetic stirrer was introduced to facilitate mixing during 
the reaction. 

The tube was sealed with a rubber septum, and dry nitrogen 
was passed in at a moderate rate to exclude oxygen. The needles 
used for the nitrogen inlet and outlet were removed, and the tube 
was immersed in an oil bath preset at 170 "C, heated by a hot 
plate with a magnetic stirring motor. Within 5 min the low- 
melting diol component had melted and the mixture was partly 
homogenized. Then the temperature was rapidly lowered to 155 
O C  by adding cold oil to the heating bath. At selected time 
intervals after gelation the tube was withdrawn and wiped clean. 
while the tube was still hot, its septum was removed, and it was 
placed in a vacuum desiccator (at mmHg) over KOH to 
reach room temperature. Finally, its surface was dried and de- 
greased with acetone. The difference in weight was used to 
calculate the extent of reaction. 

Sol Fraction Isolation, Clarification, and Analysis. In 
order to extract the soluble polymers at various extents of reaction 
beyond the gel point, the material within the polymerization tube 
was first allowed to swell in 10 mL of THF overnight. The swollen 
gel was then broken into small pieces by applying slight pressure 
on it with a long metallic spatula against the walls of the tube. 
Then the pulverized gel was extracted with fresh THF (usually 
8 X 10 mL). The solvent was filtered through a fine porous funnel 
into a 150-mL predried, preweighed round-bottomed flask. Gels 
produced in the 0.720 5 p 5 0.795 region were found to swell 
extensively. Since this property made them difficult to wash free 
of sol through a porous funnel, the sol was recovered quantitatively 
by washing the gel in centrifuge tubes. After centrifugation, the 
supernatant liquid was carefully withdrawn and filtered through 
a porous funnel into an appropriate flask. After 8-10 such 
washings the gel was quantitatively transferred to a filter paper 
cone and thoroughly washed with solvent. The collected washings, 
after further filtration through the porous funnel filter, were 
combined with the original extract, and the solvent was evaporated 
under reduced pressure at 40 O C .  

The soluble fraction from each experiment thus isolated was 
clarified as follows. Each sample was redissolved in distilled, 
peroxide-free THF to give approximately 2% solution, and each 
solution was centrifuged at 27 X 103g for 1 h. The supernatant 
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liquor was carefully withdrawn, and the residue was washed with 
5 mL of THF and recentrifuged. Washing and centrifuging were 
repeated three times. The combined washings were evaporated 
at 40 "C and the sol was dried under high vacuum (lob3 mmHg) 
over KOH to constant weight. 

The composite GPC/LALLS chromatograms reported were 
produced by injecting 250-500 pL of approximately 1-2% (w/v) 
(accurately known) THF sample solutions into a KMX-6 
GPC/LALLS photometer instrument. Six pstyragel (Waters 
Associates) columns (lo6, lo4, lo3, 500, lo6, and 100 A) were used 
in the size exclusion process prior to the RI and LALLS detection. 
The flow rate of the effluent (THF) was always kept at 1 mL/min, 
and the anode sensitivity of the photomultiplier tube of the 
LALLS photometer was kept at a uniform 900-mV value. 

In each set of runs reported, attempts were made to keep all 
experimental variables constant from sample to sample so that 
the resulting chromatograms would be comparable. 
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Appendix 
Stockmayer' in section IV of his paper theoretically 

examined the polyesterification of an f-functional monomer 
with two different difunctional monomers. The case under 
discussion in this work can be treated with these equations 
after certain simplifications. 

According to the Stockmayer notation, n is the number 
of f-functional molecules within an x-mer, 1 is the number 
of difunctional molecules bearing functional groups A 
within an x-mer, and s is the number of difunctional 
molecules bearing functional groups B within an x-mer. 
For the simpler case of BTAIDMG, 9 = 0 and 1 = 0, thus 
the distribution law of eq 48 in Stockmayer's paper be- 
comes 
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where mn,s is the number of n,s-mers. 
The Langrarian multipliers A ,  4, and f in expression 4 

are given by Stockmayer in the set of equations numbered 
as (53). For our case, however, p = 1 and thus a = p2.  The 
factor wnp can also be evaluated from eq 49 in Stock- 
mayer's work, once again by setting 1 = 0 and q = s - n 
+ 1. 

After the appropriate substitutions and rearrangements 
one may arrive at relation 5 for mn,s, which is expressed 
in terms of known quantities. ( A  is simplified at  the end 
of the procedure.) 

The weight fraction of any x-mer ( Wnp) within the po- 
lymerizing material can be expressed as follows: 

where N and S are the number of f-functional and bi- 
functional units in the system, respectively. Once again 
they can be expressed in terms of known quantities from 
the ratios N I A  and S I A  given by the set of equations 
numbered (50) in the Stockmayer paper. After another 
set of substitutions and rearrangements, one arrives at  eq 
2. 

The condition for the lowest number of f-functional 
units in a given (n  + s)-meric chain is given by 

lowest number of f-functional units I [ (n  + s) -1] / f  

For example, for n + s = 15, the lowest number of tri- 
functional units N 5 and the lowest number of difunctional 
units = 7. As such, the following solutions of eq 2 are 
needed in order to evaluate W,=15, which is the sum of 
these: n = 5, s = 10; n = 6, s = 9; n = 7, s = 8; n = 8, s 
= 7. 

In deriving theoretical values of W, from eq 1, the fol- 
lowing approximations are required: f = 2.5 and a = p .  
The fractional factorials thus appearing in the expression 
can be calculated from the following r function, which is 
known to approximate the solution to a fourth decimal. 

571 + ... 1 
2488320~~ 

where z is (the fractional factorial to be evaluated + 1). 
Registry No. BTA, 4435-67-0; DMG, 112-47-0; (BTA)(DMG) 

(copolymer), 34606-50-3. 
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